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Introduction and Preliminaries
Invariant closed subspaces of bounded operators are among the most studied topics in the operator theory. In the case of positive operators on Banach lattices the order structure enable us to obtain invariant subspaces of simple geometrical forms. In the paper 7] Choi et al. studied invariant closed subspaces of semigroups of positive operators on L 2 -spaces. The discrete part of these results motivated our investigations. On the other hand, Abramovich, Aliprantis, and Burkinshaw 1] obtained some results on existence of invariant closed subspaces of an operator on an l p -space (1 p < 1) which commutes with some non-zero locally quasinilpotent positive operator. In the present normed Riesz space setting we are extending and strengthening the results of both papers. The proofs of our results mainly follow similar ideas that were introduced in 7], 1], and 2]. It should be noted that Jahandideh 8, 9] also studied collections of positive operators. In 8] he considered the positive commutant of a given positive operator and collections of positive operators dominated by a given operator. In 9, Theorem 6] he proved a special case of our Theorem 2.4, while in the rest of 9] operators on AM-spaces are studied.
The reader is assumed familiar with the general notions on normed Riesz spaces; see the books of Luxemburg, Zaanen 10 , that is, infff ; f g = 0 if 6 = , and if infff; f g = 0 for all 2 A, then f = 0. It is worth mentioning that every atomic normed Riesz space is Riesz isomorphic to an order dense Riesz subspace of IR A with the coordinatewise order.
The word "operator" will be synonymous with "bounded linear transfor- erators of I.) Since I is a non-zero ideal, K is not equal to L, and so it is a non-trivial closed ideal. To show that K is also S-invariant, x f 2 K and S 2 S. Then for any T 2 I we have 0 TjSfj TSjfj = 0, since TS 2 I. This yields Sf 2 K, and completes the proof.
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We now recall a notion from the local spectral theory that was rst connected with the invariant subspace problems in 1]. An operator T on L is quasinilpotent at a vector f 0 2 L if the local spectral radius of T at f 0 is 0, i.e., lim
Throughout the rest of this section, let L be an atomic normed Riesz space and ff g 2A L + the corresponding orthogonal maximal system of atoms.
We may assume that kf k = 1 for all 2 A. We now consider positive orthomorphisms on L, since they are needed in the last section of the paper. The rst proposition is given in 15, exercise II. Here Proof. If Sf 0 = 0 for all S 2 S, then B 0 is a non-trivial S-invariant band. Therefore, we have to consider the case when Sf 0 6 = 0 for some S 2 S.
Let I be the order ideal generated in L by the set fSf 0 : S 2 Sg, i.e., I is the ideal of all f 2 L such that there exist 0 and S 1 , S 2 , : : :, S n 2 S such that jfj (S 1 + S 2 + : : : + S n )f 0 . We claim that I is invariant under arbitrary S 2 S. Obviously, the operator K is nilpotent of index 2. Since kT n k = 2 ?n(n+1)=2 for all n 2 IN, the operator T is a quasinilpotent. Clearly, S = K +T is a compact positive operator on l 1 . Since K 2 = 0 and KT = 0, we have KS = 0. By a simple induction we obtain that S n = T n?1 S, and so kS n k kT n?1 kkSk for all n 2 IN. It follows from this that the operator S is quasinilpotent as well.
We now show that S has no non-trivial invariant band. Assume that a band B 6 = f0g is invariant under S. Then e n 2 B for some n 2 IN, where fe i g i2IN are the standard unit vectors of l 1 . From Se n+k = Te n+k = (1=2 n+k ) e n+k+1 , k = 0; 1; 2; 3; : : :, we conclude that e n+k 2 B for all k 2 IN. It follows that g = P 1 k=0 e n+k 2 B, because g is the supremum of the increasing sequence fg m g m2IN of B de ned by g m = P m k=0 e n+k . Since Sg Kg = u, we have u 2 B (as B is an ideal), and so B = l 1 .
In the study 3] of various extensions of de Pagter's and the Ando-Krieger results Abramovich, Aliprantis, and Burkinshaw constructed an example of quasinilpotent compact positive operator with no non-trivial invariant band. This operator is de ned on a less known Marcinkiewicz function space. Therefore, the operator S of Example 2.3 seems to be a new example of such operators, which is in addition de ned on a nice atomic Banach lattice. However, it should be noted that the operator of the example in 3] is even a nilpotent rank-one operator.
Theorem 2.4 Let T be a non-zero positive operator on L that is quasinilpotent at an atom f 0 2 L + . Let S be a multiplicative semigroup of operators such that each of them has a modulus. If TjSj jSjT for all S 2 S, then T has a non-trivial invariant closed ideal that is also S-invariant.
Proof. Let T be a semigroup generated by T and the set fjSj : S 2 Sg. Denote by I the semigroup ideal of T generated by T. We claim that each member of I is quasinilpotent at f 0 . Indeed, if U 2 I, then U jS 1 jjS 2 j : : : jS p jT k for some k 2 IN, p 2 IN f0g, and S 1 , : : :, S p 2 S. Denoting V = jS 1 jjS 2 j : : : jS p jT k?1 we have U V T. Since TV V T by the assumption on S, an easy induction shows that U n V n T n for all n 2 IN. We therefore have kU n f 0 k kV n T n f 0 k kV k n kT n f 0 k for all n, which implies that U is quasinilpotent at f 0 . By Theorem 2.2 the semigroup ideal I has a non-trivial invariant closed ideal. Now Lemma 1.3 gives a non-trivial T -invariant closed ideal I. Let us show that I is S-invariant as well. To end this, let f 2 I and S 2 S. Since jfj 2 I and jSj 2 T , we conclude that jSjjfj 2 I, and nally the inequality jSfj jSjjfj implies that Sf 2 I (as I is an order ideal). T is quasinilpotent at a non-zero positive vector, then S has a non-trivial invariant band.
We shall prove next that the conclusion of Theorem 2.2 holds also for additive semigroups of positive operators. In the proof of this we need the following result. Proposition 2.8 Let S be an additive semigroup of positive operators on L such that each of them is quasinilpotent at an atom f 0 2 L + . Then every operator in the algebra generated by S is quasinilpotent at f 0 .
Proof. Let A be an operator in the algebra generated by S. Then there exist positive integers m and p and operators S 1 , : : :, S k 2 S such that A = P m i=1 a i A i , where a i 2 IR and each A i is a product of at most p (not necessarily distinct) elements of fS 1 ; : : : ; S k g. Let S = S 1 + : : : + S k and T = P p?1 j=0 S j . From k(ST) n f 0 k kTk n kS n f 0 k it follows that ST is quasinilpotent at f 0 . This implies that the operatorÃ = P m i=1 ja i jA i is also quasinilpotent at f 0 , sinceÃ a P p j=1 S j a ST, where a = max 1 i m fja i jg. From the fact that jA i fj A i jfj for all f 2 L it follows easily that jAfj Ã jfj for all f 2 L. Hence jA n f 0 j Ã n f 0 , and so kA n f 0 k kÃ n f 0 k for all n 2 IN. From this it follows that A is quasinilpotent at f 0 as well. Proof. In this case N S = S for all S 2 S. Since S is a semigroup, we have (ST f ) = 0 for all 2 A and for all S; T 2 S. Therefore the hypothesis on operators of Corollary 3.4 is satis ed. The assumption of Theorems 3.2 and 3.3 and Corollary 3.4 that L is Dedekind complete is obviously used only to assure the decomposition from Proposition 1.6. Therefore, in view of the remark following Proposition 1.6 the space L of Corollary 3.5 is not assumed to be Dedekind complete. Example 3.7 Let S be the operator on l 1 de ned by S(x 1 ; x 2 ; x 3 ; : : :) = (x 2 ; x 3 =2; x 4 =4; x 5 =8; : : :) :
It is easily seen that S is a quasinilpotent, compact, order continuous, positive operator. Let S be a semigroup generated by S. Then 
